UNOBSTRUCTEDNESS OF FILLING SECANTS AND THE 
GRUSON-PESKINE GENERAL PROJECTION THEOREM 
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I Abstract. The locus of multisecant rational curves to a variety of is nice when it fills up 

. something nice. 



Q ; 1. Introduction and statement of theorem 

■ Let P be a nonsingular, quasi-projective variety and L C P a curve isomorphic to P^. 

^ Deformations of L as smooth curve in P are parametrized by some open subset G of a 

c3 suitable Hilbert scheme. Let X be a nonsingular, locally closed subvariety of P. For a 

S partition (k.) = {ki,...,ky), L is said to be {k.)-secant to X if the schematic intersection 

L n X is a divisor of type Y^KVi ^' ^^'^ proper as such if the p, are pairwise distinct. 

The locus S(;t.) of (A:.) -secant rational curves to X has a well-defined structure of locally 

closed subscheme of G, which may well be obstructed: i.e. singular, nonreduced or of 

dimension larger than the expected. It is therefore of interest to find conditions under 

^ which secant rational curves are unobstructed. Our purpose here is to prove such a 

• condition. First a definition 
(N 

^ Definition. Let Y be a smooth local germ along a smooth curve L. A local deformation 

T— I I £ —7- Spec(A) of L is said to be a filling family for Y if there exists an irreducible closed 

j> ■ subscheme S of Spec(A), such that the induced map (/^s)red — > Y is dominant. 

^ Theorem. Let L be a complete nonsingular rational curve in P that is a proper (k.)- secant 
c3 i to X and which moves in a family of (k.) -secants filling up a smooth m-dimensional germ Y 

containing the germ ofX at LnX. Then L is unobstructed as (k.)- secant to X contained in Y. 

In particular, the scheme S(^^j of {k.)-secants to X contained in Y in smooth at L of dimension 

equal to the expected, namely 



> 



m — 3 — Ky.L — kc + r,k := Y^ki,c := m — n. 

Moreover, for any partition (/.) refining (k.), the singularities of Si^ -^^y ^ same, up to 

a smooth factor, as those of the locus of divisors of type (Z.) on L at the divisor LnX. 
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The case where L is a line in P = P and Y is the germ of the ambient P itself is 
equivalent to the statement that the general projection of X to a lower projective space 
has the expected singularities, and was recently proven by Gruson and Peskine Q, set- 
tling a long-term conjecture, and extending many earlier partial results including ||3l 
and [1]. This note grew out of an attempt to understand their exciting paper. Though 
our proof is independent of [,2J, our guiding principle is the following idea gleaned from 
it: 

Uniformity principle: The family of secants to X behaves in the same way at all points off 

X 

This principle is quite consequential: it implies, e.g. that if fc-secants fill up the ambient 
space, then they are in general not {k + 1) -secants, a statement nearly as strong as the 
theorem in the case Y = P^. Our idea is that this uniformity principle can be deduced 
from another, elementary and familiar, uniformity principle: namely that on a line, a 
generically spanned bundle is spanned; then, such a bundle has no higher cohomology 
either- just what we need for unobstructedness. In our case, the bundle in question 
is just the subsheaf of the normal bundle of a secant curve L as above, defined by the 
conditions of meeting X and being contained in Y. It is quite easy to check that all the 
required conditions are satisfied, which yields our result. 

We thank Yeongrak Kim for helpful discussions. Hopefully, our indebtedness to the 
breakthrough work of Gruson and Peskine would be obvious to anyone. 

2. Finite schemes on a line 

Let L be a nonsingular rational curve. Let L^^^ denote the k-th symmetric product, 
or equivalently the degree-fc Hilbert scheme of L. Then L^^^ is canonically stratified 
by subschemes L^*^) for all partitions (k.) of weight k, where L^^^ C L^'-^ iff (I.) is a 
refinement of k., given by a decomposition kj = Ijj, and moreover L^' ) is reduced and 

i 

is singular only along some proper substrata. Locally at an interior point z = Ykipi G 
, we can decompose 

(1) L« = n(^^'"^) X ^ 

where each A.^'~^ is identified with the versal deformation of fcfp, and A is smooth, and 
L(' ) decomposes as O ^ ^ where each Di(l.) is the subscheme of A.^'~^ corre- 

sponding to schemes of type Yh^Vi,]- particular, when (/.) = [k.), each D, is a point. 

i 

All of this is well known (e.g. f?!) and follows from exact sequences 

^ T^/, ^ T, ^ ^ 

^ n;^ ^ N,,L ^ ^ 
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where N denotes the lei normal bundle and N' is its 'locally trivial deformations' sub- 
sheaf (which is isomorphic to ]zl1-z, J — Jacobian ideal, and in this case has length 1 at 
each Pi). 

Let Sfc y = S^-^k^j where (l'^) = (1, 1) of weight k. Then there is a locally defined 
classifying map 

(2) ^ : Sk,Y ^ L(^) 
such that S^j^.^ y — /^"^(L^'^ )). Hence there is a map 

(3) fl : Sfc,y ^ n(^''"') 
whose special fibre is S^j^^ y and such that 

3. The secant and contact sheaves 

Let notations be as in the Theorem. Then the normal bundle Ni/y C Ni/p is a semi- 
positive vector bundle on L, hence is a direct sum of line bundles of nonnegative degree, 
and therefore H^{Ni/y) = 0. It follows that the deformations of L in Y form a germ of 
a nonsingular subvariety of the Hilbert scheme parametrizing deformations of L in P, 
whose dimension equals h'^iNi/y) = m — 3 — Ky.L. 

Next, we make a local study of the subsheaf of the normal bundle corresponding to 
deformations of L preserving either the total length, or the exact type, of the intersection 
with X. Let p G X fl L be a point of multiplicity k. We assume k > 1 as the case k = 1 
is simpler. Choose local coordinates Xi, Xjsi on P at p so that L is defined by X2, x^. 
We may choose local equations g\,...,gc,c — m — n, cutting out X on Y, and rearrange 
the Xi, so that 

gi — Xi, I — 2, C. 

modulo higher order terms. Then a local deformation of L in Y corresponds to setting 

(5) Xj = bj{xi),i > 2. 
The condition that this deformation moves X n L flatly is 

bj = mod Xi, 2 < i <c. 
The further condition that the deformation also preserve the contact order near p is 

(6) bjq = mod 

Applying this at each of the r intersection points pi, pr e X n L, we conclude that 
there are subsheaves 



(7) 
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called the contact and secant sheaves, that parametrize motions of L within Y for which 
L n X deforms flatly (for N^) or locally trivially (for N'^), such that 

ip,{NL/y/N')=k,ic-l), 

^ ^ ip,{N'/N')=k,-l. 

Canonically, we have 

= Hom(XL,C'L) nHom(Ix nXL,Xx.0L), 
N' = N'nHom{lL,}xnL,L) 

where I denotes ideal in Y and / denotes Jacobian ideal (which parametrizes equisin- 
gular deformations). Note that and N'^ are respectively the sheaves classifying defor- 
mations of L preserving the length (resp. the local multiplicities) of L Pi X. 

4. Proof of Theorem 

Our filling hypothesis means that N'^ is generically spanned (a fortiori, so is N^). 
Hence they are semipositive and have H^(N^) = H^{N'^) = 0. The vanishing imme- 
diately implies the smoothness of Sj^j and of the local map fi in proving the Theo- 
rem. 
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